Abstract. In V , assume that ℵ ω is a strong limit cardinal and 2 ℵ ω = ℵ ω+1 . Let A be the set of approachable ordinals less than ℵ ω+1 . An open question of M. Foreman is whether A can be non-stationary in some ℵ ω and ℵ ω+1 preserving extension of V . It is shown here that if W is such an outer model,
Let λ be a infinite cardinal and assume that 2 λ = λ + . Let a δ : δ < λ + list all of the bounded subsets of λ + . An ordinal α < λ + is approachable if there exists an unbounded x ⊆ α of order type cf(α) such that every proper initial segment of x is included in the list a δ : δ < α .
Modulo the non-stationary ideal on λ + , the definition of "approachable" is independent of the enumeration a δ : δ < λ + of bounded subsets of λ + . The set of approachable ordinals cannot be very small. An easy observation is that, modulo the non-stationary ideal, every cofinality-ω ordinal below λ + is approachable. A result of Shelah [S1] is that if λ is singular, then for each regular κ < λ, below λ + there exists a stationary set of cofinality-κ approachable ordinals. The weak square principle * λ implies that every ordinal below λ + (modulo the non-stationary ideal) is approachable. Consequently, the statement
is a strong "anti-" statement. This paper concerns the special case of λ = ℵ ω under the assumptions that ℵ ω is a strong limit and that 2 ℵ ω = ℵ ω+1 . Let us make these assumptions for the remainder of the paper. , building on work of Shelah, show that ( †) is consistent relative to the existence of a supercompact cardinal. ForemanMagidor [FM] show that the strong transfer principle (ℵ ω+1 , ℵ ω ) (ℵ 1 , ℵ 0 ) implies ( †). And Magidor has shown that Martin's Maximum implies ( †).
In the case of each of these results, it is the set of cofinality-ω 1 unapproachable ordinals that is shown to be stationary. M. Foreman has asked whether the unapproachable ordinals in higher cofinalities might be stationary or, stronger yet, under suitable large cardinal hypotheses, is it possible that there exists an ℵ ω and 
The following notation will be handy. If X is a set of ordinals, let
and, if µ is regular, let
The first lemma is just an observation about a standard proof of the Erdős-Rado Theorem.
Lemma 1. Suppose that λ is an infinite cardinal and that S
Proof. Let A = α ; F, <, δ δ<λ . If "B", perhaps decorated, names a substructure of A, let "B" with the same decoration indicate B's universe.
Note that, given an infinite X ⊆ α, the least B ≺ A such that X ⊆ B and B is λ + -saturated relative to A has cardinality at most |X| λ . Let α i : i < cf(α) be increasing and cofinal in α. Define B i : i < cf(α) by
B is λ + -saturated relative to A.
Fix a limit ordinal i < cf(α) of cofinality λ + such that sup(B i ) ∈ S. Set η = sup(B i ). Choose β ξ by recursion on ξ < λ + to be such that β ξ ∈ B i and β ξ realizes in (B i , β ζ ) ζ<ξ the same type that η does in (A, β ζ ) ζ<ξ and β ξ : ξ < λ + is cofinal in η. Then P = { β ξ : ξ < λ + } is cofinal in η and is F -prehomogeneous:
Finally, choose H ⊆ P cofinal in η and such that, for some δ < λ we have f (β) = δ, for all β ∈ H, where f (β) = F (β, β ), for all β > β in P .
If λ < µ < κ are infinite cardinals, with λ and κ both regular, say that S ⊆ κ λ-reflects at cofinality >µ if α < κ : cf(α) > µ and S (λ) ∩ α is stationary in α is stationary in κ.
Proposition 2. Assume that ℵ ω is a strong limit cardinal. For n < ω, the set of unapproachable ordinals less than ℵ ω+1 does not ℵ n+1 -reflect at cofinality >2 ℵ n .
Proof. Fix an enumeration x = x α : α < ℵ ω+1 of the bounded subsets of ℵ ω+1 . For α < ℵ ω+1 , let f α : α → ℵ ω be one-to-one, and set f = f α : α < ℵ ω+1 . Let S be the set of unapproachable (with respect to x) ordinals less than ℵ ω+1 . Fix Skolem functions and set
ℵ n , for all n. Fix n < ω. For the sake of a contradiction, suppose that there exists a limit ordinal i such that cf(i) > 2 ℵ n and
. By the previous lemma, let H ⊆ S ∩ { M j ∩ ℵ ω+1 : j ∈ lim(i) }, be F -homogeneous, say to color k, and such that ot(H) = ℵ n+1 and η = sup(H) ∈ S. We shall reach a contradiction by seeing that η is approachable with respect to x.
Suppose that W is an ℵ ω and ℵ ω+1 preserving outer model of V . Our goal is to see that if in W there is a club set of V -unapproachable ordinals below
n } is infinite, for n > 0. In Corollaries 3 and 4 this implication is interpolated by the following combinatorial principle:
There exists a sequence C α : α ∈ C with the following three properties:
(
Remark. The proof of Corollary 3 below is easily modified to yield ( * ) meeting two additional requirements
These are not needed for the promised conclusion of this paper in Corollary 4.
Corollary 3. Suppose that ℵ ω is a strong limit cardinal in V and that W is an ℵ ω and ℵ ω+1 preserving outer model of V in which
has a club subset. Then W satisfies ( * ).
Proof. Let E ⊆ U be club in ℵ ω+1 . By the previous proposition, we may assume that if α ∈ E and cf
} is nonstationary in α. For α ∈ lim(E), let E α be club in α and such that if (2 ℵ n ) V < cf V (α) and δ ∈ E α and cf V (δ) = ℵ n+1 , for some n, then δ / ∈ U . Set C = lim(E) and C α = E ∩ E α , for α ∈ C.
Corollary 4. Assume that V is an inner model of W with the same ℵ ω and ℵ ω+1 , and that W satisfies ( * ). Then
is infinite, for all n > 0.
Proof. Suppose not. Suppose that n, k < ω and that if cf
